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PREFACE 
The present dissertation is an attempt to make a 
survey of the research work on the plane problems of 
mathematical theory of elasticity.The problems discussed are 
mostly two-dimensional as they occur very frequently in 
nature, and they have great simplifications of calculations 
as compared to the general three-dimensional Problems. 
Besides these, many axially symmetric problems can also be 
treated by these method. 
Starting from a brief history of the subject, 
discussions on works which form landmarks of the topic have 
been made.The important methods,classical as well as modern, 
have been described. Some very recent works have also been 
discussed and prospects of further advancement of the 
research have been considered. 
In fact, one original problem of the effect of impact 
of a bullet on human skin membrane has been considered and 
an attempt has been made to solve it within the frame work 
of fracture mechanics.The threshold velocity for various 
cases, when the skin is at the point of rupture, has 
been found out. Several important results have been 
obtained. 
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C H A F ' T E R - I 
INTRODUCTION AND BRIEF HISTORY 
1.1 GENERAL INTRODUCTION 
Although the mathematical theory of elasticity was 
originated in the nineteenth century it is still a subject 
of deep interest as it has been finding its use and 
application in many modern problems.Initially its 
foundations were laid by Navier,Cauchy,Poisson eimong others; 
and later on it became a subject of interest for 
mathematicians and physicists alike. It was developed as a 
classical subject making it a formulation of the problems in 
displacements or stresses.G.Lame'gave a general formulation 
of the problem of the theory of elasticity in displacements 
while E.Beltrami gave such a formulation in stresses. 
1.2 INTRODUCTION TO F'LANE PROBLEMS 
The general three dimensional problems in elasticity 
involve a lot of calculations and on the other hand "Plane 
case" brings great simplifications of calculations.G.B.Airy 
first formulated the plane problem with the aid of a 
potential function. Since plane problems are of particular 
interest from the practical and technical stand-point, 
Airy's initial results were followed by extremely numerous 
workers using a great veriety of mathematical methods. 
The plane problem of elasticity is in no way less 
important and covers a great variety of physical 
situations.These problems are classified in two categories. 
(i) Case of plane state of stress, corresponding to a 
plane plate of constant thickness free of load on 
the parallel faces and acted upon on its boundary 
by load parallel to the middle plane and 
uniformly distributed upon the plate thisckness.A 
great many of construction elements such as frame 
corner, junction plate for metallic structures, 
various machine parts like hooks, connecting rods 
stiffencing element for aircraft wings etc. are 
only a few to mention under thin category. 
(ii) Case of a plane state of strain,corresponding to a 
long cylindrical body, sufficiently long, acted 
upon on its lateral surface by uniformly 
distributed load along its generators.Examples 
underthis category are supporting walls; tubes 
tunnels, long plate,factory chimneys,half-space 
subjected to uniformly distributed load in one 
direction etc. 
There are other types of problems also which can 
ultimated be reduced to either of these two types. 
1.3 GOVERHING EQUATIONS 
(i) In the case of a plane state of stress it is 
assumed that 
f i = r =r = o ...(1.3.1) 
z yz xz 
and the remaining components of stress tensor not 
identically equal to zero , but independent of the 
z-coordinate. 
(ii)In the case of plane state of strain three 
components of strain tensor are taken equal to zero i.e. 
e =e = e =o .,.(1.3.2) 
zz yz xz 
and the remaning components of strain tensor being different 
from zero and independent of z-coordinate. 
Though the two problems are quite distinict from mechanical 
point of view , but mathematically they lead to the same 
formulation. The equilibrium equations are 
da dr 
X xy „ 
+ -T-^ +X =o 
ax ay 
dT da 
ax ay 
(1.3.3) 
where X,Y are the components of the body forces, ti ,a the 
X y 
normal stresses and T the shearing stress.The relation 
xy 
between the components of strain and displacements.u.v are 
given by 
XX 
xy 
ax yy 
du <5v 
dy dx 
i»v 
dy 
(1.3.4) 
In the case of state of plane stress, the relations between 
components of stresses and strains are given as 
e = ^ (ff - tiff ) 
XX E X y 
yy 
xy 
E'% 
2 
G ^xy 
liff^ ) (1 .3.5) 
where E is the Young's modulus, \L the poission's ratio and G 
the rigidity modulus. They are related as 
G = 
2(1+11) (1.3.6) 
The case of plane strain is also governed by the same 
equations except that the elastic constants are replaced by 
the generalised elastic constants E and \i given as 
o o 
E = 
o 
1 -\i 
. M„ = 
o 1-M 
(1.3.7) 
1.4- AIF!Y*S STRESS FUNCTION 
Airy [4]formulated the plane problem of elasticity in a 
very convenient form. He showed that in absence of body 
forces equations (1.3.3) will be satisfied if we take. 
dy dx 
T = -
a=F 
xy dx dy 
.(1.4.1) 
Where F (x.y) is an arbitrary function of x and y, 
J.C.Maxwell [33] added that strain continuity equations. 
V (a +a ) =o, 
x y . .(1.4.2) 
z 
where V is Laplace operator, must also be satisfied.Thus it 
was found that Airy's stress function F(x,y) must be 
biharmonic i.e. 
1^ F(x,y)=o ...(1.4.3) 
Apart from being just an arbitrary function, Airy's stress 
function has several important and interesting physical 
significances. The tangential derivative of F gives the 
shearing force with the sign changed while the normal 
derivative F gives axial force. 
1.5 METHODS OF COMF'UTATI ON 
There is a large number of methods developed so far for 
solving the two-dimensional problems in elasticity.The first 
and the most important method is of using real 
potentials.This leads to the important study of biharmonic 
function.Various invastigations have been made in this 
direction using various forms of real potentials such as 
that given by Payne[40] for the elastic half-plane and the 
elastic strip. 
(i)For the form of stress function, indirect as well as 
direct methods are used.The indirect method consists in 
assuming a certain state of stress in the interier of the 
body satisfying the boundary conditions and in verifing 
that all equations of elasticity are fully satisfied. The 
direct method is in selecting the potential function 
including certain parameters which are ultimately found out 
with the help of boundary conditions. 
(ii)The computation may be exact or an approximate one. 
But as the things in nature are quite complicated so far 
calculations are concerned the cases in which exact 
calculations can be done are very rare. So generally the 
problems are solved approximately by using various 
numerical methods. The approximation can be made at one or 
several stages of calculations,1 ike assuming the form of the 
stress function or of the displacement function in a 
suitable form. 
(iii)The variational method of calculations are also 
very popular .This method is based on finding the extremum 
expression for certain functionls.Some analytical expression 
for the stress function is chosen which depends on certain 
number of arbitrary parameters. Boundary conditions are 
imposed so that this should give the best approximate value. 
(iv)Other approximate method is that of operational 
method. In the operational method various type of 
transforms like Fourier,Laplace, Milne etc. are used by 
Filon [13].Michel 1[35],etc. It is convenient to use the 
potential function under the form of Fourier series or 
Fourier integral with a sequence of undetermined 
coefficients which are found out with the help of the 
boundary conditions. This is actually di rect 
method. Several workers like Filon [13], Timple [51], Mchell, 
[35],etc used this method. 
(v)The other very important method is that of the 
complex variable.This is found to be very convenient in 
formulating the plane problems of elasticity.Following the 
representation given by A.E.H.Love[28], for the displacement 
component,G.V.Kolosov[25] gave the form of the complex 
displacement, in absence of body forces, as follows 
2G( .•.^ - 3-M (u+iv)= T+M '^^^^~^'^ (z)-'/'{z) ...(1.5.1) 
where <p{z) and v^ (z) are analytic function of z, the complex 
variable.Similarly stresses are given by 
a +a = 4Re ['I(z)] X y 
/ 
a -a +21 T =2 [z iJ (z) +* (z)] 
y X xy 
(1.5.2) 
where $(z) =0'(z), <V (z)=V (z) ..(1.5.3) 
The work of N.I.Muskhelishvi1i [38], is a land mark in the 
development of complex variable theory for the plane 
elasticity. L.M.Milne-Thomson [36],published an interesting 
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monograph in which many plane boundary value problems are 
solved. 
Recently the finite element method has proved to be 
very convenient for handling problems of a very complicated 
nature, where the stresses and strains vary sharply at some 
points of the domain like the determination of stresses in 
aircraft wings, the radar etc. 
The most modern technique for solving various physical 
problems is that of " finite element method ". This method 
actually originated for finding stresses in a certain domain 
when they vary very sharply within a short region, like 
stresses in air craft wings,turbine blades etc. This method 
consists in dividing the given domain into sub-domains which 
are generally rectangular or triangular.In each sub-domain 
the stresses are found by some variational methods taking 
care that the solution are compatible with that of the 
adjoining sub-domain at the boundary .After obtaining the 
results for the sub-domains they are assembled to get the 
solution for the entire domain.After wards the results are 
post-processed. 
Clough,[12] was the first to use the phrase "Finite 
elemof\t method" in 1960 in a paper on plane elasticity 
problems.But the idea of finite element method dates back 
much further .Applied Mathematicians, Physicists and 
Engineers were developing the method in their own way 
according to their requirments. Applied Mathematician were 
concerned with boundary value problems of continuum 
mechnics,physicists were interested in the same things but 
sought means to obtain piece-wise approximate functions to 
the present continous function and engineers were searching 
for a way to find the solutions of the problems to determine 
stresses in the aero elasticity field.The answers to their 
problems was ultimately given by finite element method.Most 
applications of the finite element method to problems of 
elasticity depend on the use of a variational principle to 
derive the necessary element properties or equations. For 
further study one may refer to [52],[9],[41] etc. 
1.6 RECENT DEVELOPMEHTS 
The direct method developed by Sen [44] to solve 
fundamental two-dimensional problems in elasticity was found 
to be very simple in theory.The only disadvantage of the 
method is in choosing the form of the potential function 
with some unknown parameters. Employing his method,Ahmed and 
Ali[7] solved the problems of 
(i) an infinite plate having a hypotrochoidal hole 
under hydrostatic pressure. 
10 
(ii) an infinite plate with a parabolic crack under 
prescribed pressure. 
The complex varibale method developed by Love 
[28].Muskhelishvili [38], Milne-Thomson [36] etc. has been 
extensively used by many research workers.Recently Ahmad 
and Ali [8] employed it to solve a first fundamental problem 
in elasticity for a plate in the form of Pascal's limacon 
under concentrated forces.The cases of a cirle and a 
cardioid were obtained as particular cases. Stresses were 
determined and stress-intensity factor for various cases 
were studied graphycally. 
I.N.Sneddon [49], made a very significant contribution 
towards the development of the theory of integral transform 
used in elasticity.Using the method of integral 
transform,Ahmad and Ali[6] discussed a pair of Grifith 
cracks in an infinite solid. 
Ali [6]also discussed small diformation of an initially 
stressed body and also a problem of opening of a crack of a 
prescribed shape in an initially stressed body. 
1.7 ABSTRACT OF THE DISSERTATION 
The chapter I of the present dissertation gives the 
general introduction and brief history of the mathematical 
theory of elasticity.The dissertion mainly deals with the 
11 
plane problem of elasticity and so an attempt has been made 
to give the preliminary information of this type of 
problems. Some very fundamental equations have been 
introduced. 
In chapter II, the classical method of complex variable 
has been discussed.The governing equations of equilibrium in 
stress components have been used for the determination of 
stresses. Formulation of the problem has been done with the 
help of complex variable technique and the equations have 
also been converted in terms of complex varibale z. As 
conformal mapping plays a very important role in plane 
problem of elasticity, the expression for components of 
stress and strain have been derived in terms of (f where 
z=m(() is the mapping function-Several first fundamental 
problems have been discussed and their results analyzed. 
In chapter III, a direct method has been discussed 
which was developed by Sen [44].This method,though not a 
general one,sometimes gives results very conveniently.The 
method involves selection of some function from intuition 
but its practical usefulness can not be ignored. In the 
later part of this chapter integral transform techniques 
have been discussed. A problem of initial stress solved by 
Kurashige [27] has been considered .The application of the 
12 
developed method by various workers like Ahmad and 
Ali has been studied.At the end of the chapter some crack 
problems have also been considered. 
In chapter IV, some punch problem have been considered 
within the frame work of complex variable technique 
developed by Milne-Thomson [36], Green and Zerna [17] etc. 
Later on some modern techniques which are very useful for 
problem of elasticity have been considered. One of the 
metfiods i.e. finite element method has been discussed. In 
connection with the finite element method, several 
variational principle have also been discussed.At the end 
of the chapter,a problem of inclusion solved by Ishikawa and 
Kohno in 1993 has been discussed. 
In chapter V, an application of principle of elasticity 
has been considered in a bio-engineering problem.Recently 
Jauhari and Mahanta [24] have discussed the impact of a 
spherical projectile on human skin membrane causing its 
ultimate rupture. After discussing this problem an attempt 
has been made to find the effect of impact of a bullet on 
the human skin membrane. The shape of the tip of the bullet 
has been supposed to be paraboloidal.The threshold velocity 
has been calculated for some particular values of the 
parameters. It has been found that under similar conditions 
13 
, the threshold velocity for a bullet is less than that for 
a spherical projectile, when the two have the same masses. 
The effect has been given in the form of a table and also by 
a graph. 
Towards the end,scope for further investigation has 
been discussed and then a complete bibliography of research 
publications and books referred to in this dissertation has 
been given. 
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C H A P T E R -II 
IMPORTANT TECHNIQUES 
COMPLEX VARIABLE METHODS 
2.1 MATHEMATICAL PRELIMINARIES 
The equations of motion in cartesian coordinates 
(x.y.z) are given by 
da dt 
yx 
dz 
dx dy 
zx _ 
dx 
xy 
da dx 
dx dy dz ^2 
dx dx da 
xz yz z 
dx dy dz 3 
(1.2.1) 
where X^,X„,X. are components of body forces a ,a ,a the 1 2 3 x y z 
normal stresses and r etc. are the shearing stresses. 
yx 
In the present dissertation we are mainly concerned 
with the plane elastic system in which there exists a plane 
such that the stress tensor is the same at all material 
points of any normal to this plane as at the material point 
in which that normal meets the plane. Thus all derivatives 
with respect to z become zero. 
Hence equations(2.1.1) become 
15 
da dx 
- 1 + —^ = X 
dx da 
-^^ + _ y = X 
dx dy 2 
dx dx 
— ^ + — ^ - X 
^x dy "^3 
(2.1.2) 
It is further assumed that 
T = X = o yz zx .(2.1.3) 
which makes (2.1.2) reduce to 
da dx 
— ^ + — ^ = X 
^x dy 1 
dx da 
— ^ + - 1 = X dx dy 2 
(2.1.4) 
It has been found that shearing tensor is symmetric i.e. 
r = T 
xy yx .. .(2.1.5) 
Hence equations (2.1.4) are ultimately reduced to 
^a dx 
— ^ + - ^ = X dx dy 1 
dt da 
dx dy 2 -I 
(2.1.6) 
16 
These are the governing equations of the plane elastic 
systems. Since these equations do not involve the 
z-coordinate, henceforth z will be used to denote the 
complex variable x+iy and there should be no 
confusion. Using 
z=x+iy, z=x-iy ...(2.1.7) 
we have 
^ = - r - + ^ •-»-=il IT^ ...(2.1.8) 
ax oz az oy oz oz 
2^- = ^  1^- , 2 — = ^ i- +1 3- ...(2.1.9) dz dx dy .- dx ay dz 
Using (2.1.8) and (2.1.9), we get from (2.1 .6) 
d d 
^- (a +a )- -T- (a -a +2iT )=X -iX„ dz X y dl y X xy 1 2 
or 
do di 
:s- - X- = X.-T^o ...(2.1.10) 
*?z i^z 1 2 
where 
0=CT + a , i = a -a + 2iT ...(2.1.11) 
X y y X xy 
are called "fundamental stress combinations" and were 
introduced by Kolosov [26]. 
In absence of any body forces,equations <2.1.10) are 
reduced to 
17 
do di 
dz dz =o (2.1.12) 
Equation (2.1.12) is identically satisfied if we take 
2 2 
O = 4 -:r~r , f = 4 — ^ azaz 
. . .(2.1.13) 
dz 
where >:(x,y)is a function of x and y and therefore of z and 
z .The function ;t(x,y) is known as 'Airy's stress function. 
Again since, ^ - 9 (z+z). V = 
- ~ i(z-z) .(2.1.14) 
thus in terms of fundamental stress combination 0 and i' the 
stress components are given as follows : 
^ = I o - 1 (.i + f) 
cr^  = - O + - ($ + i) 
xy 
- 1 i($ _ $) 
4 
...(2.1.15) 
Similarly, in absence of body forces, equations (2.1.6) 
18 
X xy 
+ , = o ^ x ^ y 
dv da 
^^ ^  -J. = o 
^ x dy 
( 2 . 1 . 1 6 ) 
a r e i d e n t i c a l l y s a t i s f i e d , i f we t a k e 
2 2 
X .. 2 ' y . 2 ity ttx 
x y 
l is 
t^xt)y 
( 2 . 1 . 1 7 ) 
were x(x,y) is the Airy's stress function.Thus we see that 
the solution of the plane elastic problems is reduced to 
determination of some potential functions like fundamental 
stress combinations or Airy's stress function. 
2.2 PLANE DEFORMATION 
A deformation is said to be in a state of •plane 
deformation" if one of the principal direction of 
deformation is the same at every point of material and 
particles which occupy planes perpendicular to the fixed 
principal direction before the deformation remain on the 
same plane after the deformation. 
19 
Let u,v,w be the components of displacement of any 
point (x,y,R),than ignoring the rigid body displacement of 
the material , we must have 
w= o , e = o 
zz 
...(2.2.1) 
Hence,we get 
du _ itv 
'xx <3x ' yy ~ dy 
1 r <^ v <?u , 
» = — r — + — 1 
xy 2 "• ^ x ^ y •' 
...(2.2.2) 
e = e = e = o 
xz yz zz ...(2.2.3) 
The equation of compatibility in the case of plane 
deformation is 
2 2 2 d e d Q d e 
XX ^ yy _ xy 
dy dK dxdy 
(2.2.4) 
In terms of complex variable z, equation (2.2.4),can be 
written as 
;»2 - .2 . 2 ^ 
2 2 
i^ z HI ^ 
(2.2.5) 
dzdl 
20 
where f and g are given by 
f = e + e , g = e - e +2ie ...(2.2.6) 
XX yy yy xx xy 
So far we have ignored the body forces.However considering 
the body forces let F ,F be the components of the body 
X y 
forces which can be derived from a potential function V.Then 
we have 
F -iF =-— - ^ — - - 2 • x - ...(2.2.7) 
X y ax dy oz 
Following Milne-Thomson [36] the Airy's stress function x 
and potential function V are related by 
4 1-2u 2 
^ X + 4 - ^ '^  V = o ...(2.2.8) 
1-u 
2 
dx dy ^ 2 J 
where |i is the Poisson ratio. 
The case of generalised plane stress can be obtained from 
equation (2.2.8) by replacing p by |i' where \\' is given by 
« 
(l-|i' )(1+p)3l ...(2.2.9) 
21 
Putting this value of n' in equation (2.2.8),we get. 
4 2 
V :^  +u V V = o 
(2.2.10) 
where U = 2 
ot+1 
ct = 3 -|i for plane deformation 
3-11 
a = —-i- for generalized plane stress 1+p 
..(2.2.11) 
Let us further suppose 
V = V U 
or V = 4 azdz -J 
(2.2.12) 
Equation (2.2.10), then reduces to 
or 
7 (;t+vu) = o 
16 ^  'f""' = ° 
(2.2.13) 
Thus we see that the function ;J:+uU is a plane biharmonic 
function.From equation (2.2.13) we see that x^^^ is a real 
valued plane harmonic function and so we can write 
7 (;t+»'U)=W(z)+W (z) ...(2.2.14) 
22 
2 
or 4 ^ _i2t!:^ = W(z)+ W (z) ...(2.2.15) 
Integrating (2.2.15) with respect to z , we get 
4 ^^ <:^ +^ ") = 1 w(z)+r W(z)dz+w(z) ...(2.2.16) 
where w(z) is the constant of integration. 
Integrating (2.2.16) again with respect to z.we get 
4(;t+vU)=IJ W(z)dz + zj' W(z^ )dz +[ w(z)dz +[ w(I)dz ..(2.2.17) 
The constant of integration in (2.2.17) is taken in the 
above form so as to make the right hand side real 
valued.However, in absetice of body forces, U = o and we get 
4 ;i; =z J W(z)dz+zJ W(z)dz'+J w(z)dz +J w(z)dz. , , (2.2.18) 
The complex displacement, in absence of body forces,ignoring 
the rigid body displacement is given by Milne-Thomson [36] 
as 
4(1 (u+iv) =a J W(z)dz-zW(z)- J w(z)dz ...(2.2.19) 
23 
The functions W(z) and w(z) are called complex stresses. 
2.3 COMPLEX STRESSES IN THE ISOTROPIC CASE 
The material of the body is supposed to be 
isotropic.The Airy's stress function x. is given by equation 
(2.2.18) when there is no body forces.Using equations 
(2.1.13),(2.1.15) and (2.2.18) the stresses are given by 
a +a = O =W(z)+W(z) ...(2.3.1) 
X y 
CI -a +2ir = f =z W'(z)+w(z) ...(2.3.2) 
y y xy 
The functions W(z) and w(z) are called complex stresses.From 
the above equations it is clear that they have the physical 
dimension of stress. Thus to solve a plane problem of 
elasticity is to determine the complex stresses W(z)and w(z) 
2.4. CONFORMAL MAPPING 
The results of some problems of a circular region are 
known. The conformal mapping provides a very powerful tool 
to solve a plane problem by mapping the boundary of the 
region under consideration into a circle .We can consider 
the case of a disc or that of a hole with a curvilinear 
boundary in an infinite plate .Let C, the boundary of the 
disc , or that of a hole in an infinite plate , be 
transformed on to the circumference P of the circle jCj^a by 
24 
the mapping function 
z = mCC), z = x+iy. ( = e^ "^ ^^  ...(2.4.1) 
The radius of circle is given by a=e^ , where the curve C is 
given by ^=^ (constant). 
The stress components in the (-plane are given by 
2(a^. + ix^ ) ^  O - J. LJIlllIi ...(2.4.2) 
^ ^^  Cm'(C) 
2(a -ii;^ . )= o + ^ L J ^ — ^ ^ ...(2.4.3) 
^ ^^  C m'(C) 
where (2.4.2) is used for the members of family ^ = constant 
and (2.4.3) for those of n = constant. 
2. 5. STRESSES IH ( -PLANE 
We consider the case of isotropic material which under-
goes infinitesimal elastic deformation.Let C be the boundary 
of the material. The sense of description of C, so that the 
material lies in the left hand region denoted by L, is taken 
to be positive. The region not occupied by the material will 
be denoted by R.Let mapping function (2.4.1) maps the curve 
C:<f=^  into the ci rcumferenceof the circle r:|^|=e = a. It 
is further assumed that L of C is mapped into the interior 
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or exterior of the circle f according as the material is 
inside (a disc) or out side C( a hole). 
For the simplicity of the description, we denote the 
complex stresses by W (z) and w (z).So that we have 
o o 
0=W (z)+W (z),$ =zW' (z)+w (z) 
o o o o 
(2.5.1) 
If we eliminate z, using (2.4.1), we get 
W (z)=W [m(n]=W(0.say 
o o ^ 
w (z)=w [m(C)]=w(().say 
o o 
(2.5.2) 
The derivative of W (z) is given by 
o 
v,> (^. - "^ ^^ o^ ^^  - dw(t) _ dw(C) dC _ W'(C) 
o^ -^* dz dz dC • dz ~ m' (C) ..(2.5.3) 
so that the complex stresses in the ("Plane are given by 
O -W(C )+w (O, «• = "^^ v/ (r)+ w(C ) (2.5.4) 
therefore the stress components are given by 
2(.^ .i.^ )^=W(C).w «)4/{fj " ' « ' ^ C ^ " «) . .(2.5.5) 
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2(^,^-ir^^^)=W{C)+W(0+^-^^) W^  (()-'[ '^,[[1 w(C) ...(2.5.6) 
Similarly, differentiating equation (2.2.19) w.r.t. C the 
components of displacement will be given by 
4fi ~ (u+iv)-[ctW(C)-W (C)]iCm'(C)+[m(()W'(C) + 
+m' (f)w(r)3ir ...(2.5.7) 
2.6 FIRST FUNDAMENTAL PROBLEM 
Let the boundary C be loaded by the stress given by 
a +iT =-p(a)+is(ff) ...(2.6.1) 
where p(ci) is the pressure and s(ff) is shear at a point cr 
on the circle F in which C has mapped. 
The complex stress W(() is given by Milne-Thomson [36]. 
m'(C)W(C) = _L^ f 61l212112pimJ^n^ +^ (^ ) ...(2.6.2) 
So for the complete solution of the problem, W(C) and 
w(() should be known.However,we can get rid of w(C) and 
express the stresses and strains in terms of only one 
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complex stress i.e.W (() in the following way : 
We have, 
m' (^  )W(( )+m' « )W(r)- ^  m« )W' ((")-
- F m'(C)w(C) = 2((Jj(,+ ir^ )m'(f ) ...(2.6.3) 
(C in L) 
We make the continuation of (2.6.3) by writing zero for the 
2 — 
stresses, a /f for ( to give the equation valid in R : 
_ 2 2 _ 2 2 _ 2 _ 2 
m'(C)W(C)=-m'(C)W(^ )+-2 m(C)W'(^ )+-^ m'(^ )w (^  ) 
{( in R) ...(2.6.4) 
— 2 
From (2.6.4) by writing ( for a /(, for ( and taking the 
complex conjugate, we get. 
2 _ 2 p _ 2 ^ _ 2 
m' (C)w(C)= ^ m'(^ ) w(C)+W(~) -m (^ )W'(( ) 
_ 2 2 _ 2 _ 2 
;Tp- [m(^ )W(0]+-^ m'(^ )W(^ ) ...(2.6.5) 
(C in L) 
The function w(() may be eliminiated from (2.6.3) and 
(2.6.5). The form of the function y'(C) in (2.6.2) is 
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obtained by considering the singularities of m'(( ) W(( ) in 
region R. The function y/(C ) is holomorphic in L and the 
solution must be non-dislocational. 
Several problems of various nature have been solved 
using the above technique . Recently Ahmad and Ali [8], 
solved the first fundamental problem of a disc in the form 
of Pascal's limacon. 
The disc has been considered to be in equilibrium under 
the concentrated forces. The mapping function 
z=m(0=C((+K(^) 
1 ie 
(Oo, o<K< - , z = re 
.(2.6.6) 
has been used to map the limacon in the z-plane onto a unit 
circle r(^=o) in (-plane. 
The form of the function V'CO is taken as 
if^U )=a +p ( . . .(2.6.7) 
o o 
The concentrated load has been supposed to be uniformly 
distributed in a small neibhourhood near the points.The case 
of concentrated load F has been obtained by a limiting 
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process. Stresses were determined and the stress intensity 
factor studied graphically. The cases of a plate in the 
form of a cardiod and a circle have been obtained as special 
cases. 
£.7 ECCENTRIC ANNIJLUS 
Later on Ali [5] discussed the first fundamental 
problems of an eccentric annulus which is in equilibrium 
under two standard concentrated forces F and -F applied to 
the outer boundary at points where it has the maximum and 
minimum thickness. These points are given by A(a ,o) and 
B(a o) where 
a = C Yr~r . 3 ^ = 0 |T— [see fig.1]. In the present case, 
the complex potential functions have been made analytically 
contineous across inner and outer boundaries of the annulus. 
This gives the "compatibility Identity". 
The transformation function 
2C 
z = m(( ) = C+ *r—-(Oo) ...(2.7.1) 
has been used to map the eccentric circles C :^=(^ and C 
:^=^ (^  >^  ) in the z-plane onto concentric circles f and 
= e^  1)and a {= e*: 
C-plane. It is to be noted that the mapping function 
r of radii |1( 1 )and a {= e* 2) ,QC > |1 respectively in the 
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Fig.1 Transformation of Limacon into Circle. 
(2.7.1), turns the annulus inside out. The complex potential 
W(( ) is given by 
m'(C)W(C)=-I. [• iiz£i^ lllli^ lllllll5^ da+ 
1 
^ J^ ^^-'"°'„%^""""' ""da.,(0 ...(2.7.2) 
2 
The function Y(( ) f^ s^ the form 
V^ (() = A^ + B^ /( + C^/<^ ...(2.7.3) 
where A .B and C are unknown constants. These constants 
G O O 
are determined by considering the analytic continuation of 
the complex potential function W(() arcoss circle F and F . 
The second integral in equation (2.7.2) is identically 
zero as there is no force on T . Standard forces F at A and 
-F at B are obtained as the limit when e — > o , e — > o , of a 
uniform stress distribution: 
over arc A. A A. 
-p(a)+is(a)= 
2a e 1 2 
over arc B, B B, 
...(2.7.4) 
2^2 ^2 ^ . 2 
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Using the compatibility identity the unknown constants in 
(2,7-3), were determined and than the stresses were found 
out for various values of a and (3 .The stress intensity 
factor (a ),, „ ^or different values of D was discussed. 
Some interesting results are given as follows : 
(i)For each value of p, the stress intensity factor is 
maximum where the thickness is minimum. 
(ii) As P — > a, the eccentric annul us becomes crescet 
shaped and the stress intensity factor becomes large at 
the point of minimum thickness. 
(iii)As P —>1, the radius of the outer boundary of the 
eccentric becomes very large.In this case the 
stress-intensity factor becomes smaller as compared to 
its value when P is nearly equal to a. 
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C H A P T E R -III 
SOME OTHER METHODS 
A DIRECT METHOD 
So far we have discussed systematic methods to solve 
the plane elastic problems. However, if forms of complex 
potentials could be ascertained beforehand then the 
calculations may become very simple.B.Sen [44] gave a direct 
method to solve boundary value problems. As an example 
considered a semi-infinite plate with the straight boundary 
y=o. It is supposed that on the boundary a is prescribed 
while r =o .The stress components are expressed as under 
xy 
[44]. 
ff^ = Re [/\,^2 %^(22^~ <^,^(Z^)1]. 
"y = ^® C)'2''^ '(z^ )-^ 1^  (Zg^^' 
r^y= Re [i r^r^ W'(Z2)~^'(21)}] 
(3.1.1) 
where f;^>(z) is the complex function of z, and z = x+i/ y, 
z = X + iy y, / y being real quantities depending upon 
elastic constants. 
It is evident that 
T = o and a = o =(/^-/^ )Re/^(z) on y = o 
xy y / 2 ' 1' '^^  ' 
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where z=x+iy. The normal stress (ff ) _ being prescribed 
the form of the function 0 can be easily determined .By 
using the mapping function 
z = f(C). where (= e^ "^ ""^  
The stress components, in absence of body forces, are given 
by 
fifr "? "? 
-T, - -^r- :sr " -Sf~ ^ + -7; + F . . . ( 3 . 1 . 2 ) 
2 dT) &r) dt dt, 2 
Qfj 2 2 
T) _ dr do dr do AO rq 1 -^ ^ 
h ' a^ ^^ ^ ^ h ' 
^ . - ^ ^ - ^ ^ - G . . . ( 3 . 1 . 4 ) 
h ' Sy, ^^ ^^ ^ 
The function F and G are conjugate harmonic and 0 is a plane 
harmonic function satisfying the equations. 
2 2 
— - + — - = 0 ...(3.1.5) 
1 dy. 2 dy 2 2 2 2 
and — = (^) +(5^) , r = X + y , O-a +0 ...(3.1.6) 
^2 <^; C^ C 7) 
Equations (3.1.2) - (3.1.3) are rewritten as : 
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. . .(3.1.7) 
ftrr ? ? ? ? 
4^ > <?< \^^^ ^^  h^  V ~ •^^ *^^ h^  '^'^  "^  h^  h^  
. . .(3.1.8) 
8i:« . 2 ^ » 2 ^ r . 2 , . 2 , T 
,4 .t, <.^  ^ ^2 .1^  <fr?^2' L^m ^K\2' ^^ ^^^h'-lh^ 
. . .(3.1.9) 
The form of the harmonic function O, once chosen, the 
function G, can be find out with the help of (3.1.9). The 
function G being known, the conjugate function F can be find 
out. 
Using the above direct method of Sen [44] many boundary 
value problems could be successfully solved. Later on Ali 
and Ahmad [7] solved the first fundamental problem of a thin 
isotopic elastic plate having a hypotrochoidal hole. The 
elastic plate is supposed to be under the action of an all 
round uniform pressure P. The transform function is 
z = R((+C C "") ...(3.1.10) 
where z=x+iy, (=e^ , R>o, C^o and m is a positive 
integer.The boundary of the hole is given by C=o in the 
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z-plane.The transformation function (3.1.10) maps the 
hypotrochoidal hole in the z-plane into a unit circle in the 
^-plane. 
The boundary conditions are 
a^ = -P, t^ =o at lf=o ...(3.1.11) 
The parametric equation of the hole is given by 
X = R (cos?) +C cosmv/) 
( 3 . 1 . 1 2 ) 
y = R ( s i n o -C sinmr/) 
The form of O was taken as 
O = B[1-Re{(+mC ( '")/((-mC( '")}] ...(3.1.13) 
where B is an unknown constant . The equation (3.1.9) gives 
G/h^ = -4BR\(m+1)(1+mC^)C sin (m+1))7 at ^ =o ...(3.1.14) 
It was noticed that the imaginary part of the function F+iG 
given as follows, satisfied equation (3.1.14). 
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F+iG=4BR'^(1+mc^)((+m^c C "^)/i(-md; '") ...(3.1.15) 
Hence the form of G is given by 
G/h^ =-4BR\(m+1 )(1+mc^)Ce ^^sin(m+i)7^ ...(3.1.16) 
Hence the function F is given by the real part of (3.1.15) 
as follows 
F/h =4BR (1+mc )[e ^ +m(m-1)Ce ^ cos(m+1 )Y]-m c e ^ ] 
. . .(3.1.17) 
Employing the boundary condition (3.1.11) the unknown 
constant B is given by 
B =-2P 
Thus all functions F,G, and O being known, the problem was 
completely solved. For m=3 the hypotrochoidal hole becomes 
an approximate square for ^ '=o. Sen's [44] result for an 
approximate square was thus obtained as a special case. 
Stresses were found out and stress intensity factor 
(ff )^ was discussed for various of the parameters m out c. 
n !r.=0 
When c=o, the hole becomes a circle and when m = o the hole 
becomes elliptic with semi major axis R(1+C) and semi-minor 
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axis R(1-c). If in addition to m=1, c=1 the elliptic hole 
degenerates into a linear crack of length 2R, as the minor 
axes becomes zero. The isochromatic lines in the vicinity of 
a Griffith crack are shown in Fig. [2]. 
3.2 INTEGRAL E<)l)ATIOHS AHD INTEGRAL TECHNIQUE 
We have seen that the problems of plates with a 
curvilinear boundary under certain load condition or those 
of infinite plates having a hole with a smooth curvilinear 
boundary can be conveniently solved by mapping the 
curvilinear boundary on a circle by some suitable 
conformal mapping function. The problems of determining 
stresses in the neighbourhood of a crack in a plate under 
certain system of stress can be very elegantly solved by 
integral transforms.I.N.Sneddon [46] made a very reamrkable 
contribution in this direction. 
A crack in a three dimensional body can be considered 
as a plane curve if the body is in a state of plane stress 
or strain. However, if this curve is a straight line 
segment, it is known as a Griffith crack. In realty a 
Griffith crack is a flat ribbon-shapped cavity in the 
solid. The problems can be solved as a plane strain 
case,si nee the plane stress can then be deduced simply by 
changing the value of poisson's ratio of the material. For 
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Fig.2 The Isochromatic lines in the vicinity of a Griffith crack. 
simplicity the elastic body is supposed to be homogeneous 
and isotropic. If has been found that cracks exist or 
develop in a plate when it is subjected to certain mode of 
stress beyond certain limit. There are three modes of 
displacements. 
(i)In mode I displacement, the plate is subjected to 
tensile forces at its boundary. 
(ii)In mode II the displacement solid is under an 
applied shear parallel to crack. 
(iii)In mode III the displacement solid is under an 
applied shear perpendicular to the crack. 
Inglis [21] discussed the distribution of stresses in the 
neighbourhood of an elliptic crack in a thin plate. Later on 
Griffith [19], considered the limiting case of the results 
obtained by Inglis in which the semi-minor axis of the 
ellipse was zero. Thus the ellipse degenerated to a straight 
line segment of length 2c, which was termed as 'Griffith 
crack' considering the infinite plate to occupy the 
xy-plane,the crack may be represented as 
y - o, -C < X i" C ...(3.2.1) 
Generally, we discussed two types of problems. The first one 
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consists of those in which the internal pressure opening the 
crack varies along the length of the crack. The governing 
equations are 
a =-p(x),r = o ,on - c l x S c , y = o ...(3.2.2) 
and 
\ x^ 2 I = 0 , 0 = 0 , 0 = o , a s J x + y —>co ...(3.2.3) 
xy X y 
where p(x) is a prescribed function of x. If we suppose that 
the field is symmetrical about the x-axis. As a result of 
this symmetry, outside the crack, the component of stress is 
given by the prescribed component of the displacement 
vector normal to the x-axis and the shearing stress X are 
xy 
both zero. Inside the crack the normal component of stress 
is given by the prescTf'bed component of stress is given by 
the prescribed function p(x) and the shearing stress is 
zero. 
CT = -p(x),t =o,}x| ic, y = o ...(3.2.4) 
y xy 
T = o , U = o , | x | > c , y = o ...(3.2.5) 
and a ,a and T all tend to zero at infinity. If in 
x y xy 
addition, p(x) is supposed to be an even function of x, we 
have the equations 
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a =-p(x),r =o, o i c , y = o ...(3.2.6) 
y xy 
r =o,U =o, xiL'c,y = o ...(3.2.7) 
xy y 
In the second type of problems the crack is opened in a 
prescribed shape. In these problems the distribution of 
pressure necessary to produce a Griffith crack of prescribed 
shape is to be found out. I.N. Snedden [46] used the 
following boundary conditions applied to half plane y =o 
U = w(x)H(1-|xj), w(1)=o, on y =o 
y ' ' 
t = o , on y = o 
xy 
..(3.2.8) 
to determined the value of a (x,o),where the function H(x-t) 
is given by 
CO 
J J^(rt)sin((x)df = T^|-4^ 
O X - t 
J being the Bessels function of order zero. The Fourier 
o 
cosine transform has been employed to solve the 
problem. Taken some simple forms of w(x) various results 
have been obtained. Recently Ali has discussed a similar 
problem but the body was assumed to be initially stressed. 
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These problems are much more common in realty.Bodies are 
found to be in a state of initial stress in equilibrium 
condition . If a length of wire be taken and its end welded, 
the circular hoop will be in a state of initially 
stress and the unstressed state can not be obtained without 
cutting the hoop open. These initial stresses generally 
cause finite deformation. Now, if this initially stressed 
body is further subjected to infinitesimal defromation, the 
state of body can be studied as the superposition of later 
on the former by the method given by A.E. Green 
et. al. [21].The fundamental equation of incremental 
deformation theory constructed by Biot [11] and Kurashige 
[27] was adopted. The body was assumed to be isotropic 
homogeneous and in a state of plane strain. The effect of 
the initial finite deformation was studied on the 
distribution of pressure necessary to produce a 
two-dimensional Griffith crack of prescribed shape in an 
infinite body. 
The initial finite deformation is assumed is to produce only 
a normal stress component which is perpendicular to the 
crack plane y=o. The Fourier transform is given by 
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00 i?x i' - ip e dx 
-co 
00 .„ 
'^ = ^  .1 '^ ^ ^^  
-CO 
(3.2.9) 
where 'p is The Fourier transform of (p. It is supposed that 
the prescribed shape was given by 
U (x,o)=w(x), Ixj <C 
under the action of the pressure, p(x) on y = o. The 
boundary contions are : 
(i) T (x.o) = o,for all x 
xy 
(ii) a (x,o)=-p(x),for all x 
(iii) U (x.o) = w(x). |x{<C 
y ' ' 
(iv) U (x.o) = o. |x|>C 
.(3.2.10) 
The problem was ultimately reduced to a pair of dual 
integral equations 
CO 
2 f P(0 
n J ( cos ^ x dif = G w ( x ) , xiiC 
o 
CO 
J 
o 
p(0 cos ^ x d^ = o , x>C 
. ( 3 . 2 . 1 1 ) 
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Solving the above integral equations p(f) and hence (p was 
determined . By taking 
2 
w(x) = e (1- ^  ) ...(3.2.12) 
c 
where e is a small positive number, the crack becomes 
parabo!ic.The normal stress a (x,o) was determined.The 
y 
variation of the pressure p(x) was studied for different 
values of x. The elliptic shape of the crack was given by 
w(x)= e (1- ^  )^^^ , o<x<C ...(3.2.13) 
C 
The Fourier cosine transform has been used to solve the 
problem and the normal stress cr (x,o) on the crack was 
determined .It was found that the pressure necessary to 
produce a Griffith crack of elliptic shape in an initially 
stressed solid should be uniform. This was in agreement with 
the result obtained by Sneddon [46]. 
Later on a mixed value problem of a pair of Griffith 
crack in an infinite solid has been considered [6]. The 
body is supposed to be homogeneous and isotropic material 
and in a state of plane strain. The two cracks are supposed 
to occupy -b<y£-a (a<b) and a :f^y::^b on x=o. Thus each of the 
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cracks has a length b-a. The boundary conditions are 
CI (o,y)= - p(y), (a<|y| < b) 
I (o.y) =o , (-T.r.> < y <(X} ) 
xy 
U(o.y) = o , (ly|<a,|yi> b) 
(3.2.14) 
The function p(y) has been assumed to be even so that there 
is a symmetry about the plane y=o. Using the Fourier 
transform technique the components of stress and strain are 
given by Sneddon [46] as follows 
CO 
-ex. a = I' p(lf ) (1+l fx)e ^ cos^y df-
a = - - J p ( e ) ( 1 - f x ) e ^^cos^y d? 
00 _ 
z^ = — ^ f p ( O e s i n ^y dif 
xy n -J ^ 
. ( 3 . 2 . 1 5 ) 
and 
CD 
O O 
>e ^ 2 [ 1 - p - ( x ] ^ ^ cos(y d^  
V = ^^l'^/^ J P ( O e ^"^ [1-2M-ex]^^^ s in^y df 
where p(f), and even function of f is the Fourier cosi ne 
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transform of p(y). We notice that the second boundary 
condition of (3.1.14) is automatically satisfied and the 
other two boundary conditions given rise to the triple 
integral equations 
* 
J 
o 
? p(n cosfy d^ =o 
o 
w 1 -J ^ P(^) cos^y d^  =o 
(o<y<a) 
00 
C p(f) cos^y d(^  = ^  P(y), (o<y<a) 
(y>b) 
.(3.2.17) 
Following the method of Srivastava and Lowengrub [30] the 
solution of equations (3.2.17) has been obtained. 
For the special case 
p(y)=P (a constant) . ..(3.2.18) 
The solution has been obtained and stresses on the line of 
crack are determined in terms of elliptic integrals. The 
normal stress tr (o,y) has been studied graphically for 
different values of a and b. It was observed that the 
nature of the normal stress in two regions |yj<a and jy|>b 
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were of opposite nature.It was also observed that the normal 
stress at a point bisecting the line joining the centres of 
pair of cracks each of unit lenght, decreases as the 
distance between centres of the cracks increases where as it 
increases as the length of each cracks increases. 
If a=o, the two cracks combine to give a single Griffith 
crack of length 2b and the results so obtained agreed .apart 
from a trivial change of notations, with those obtained by 
Sneddon and Elliot [48]. 
Similarly, the problem of a body having several cracks 
along a line can be considered Green and Zerna [17] 
discussed similar problems. It was supposed that an infinite 
two-dimensional medium contained n col linear cracks 
situated along the segments. 
L = a b (r=1, . n) ...(3.2.19) 
r r r 
of the real axis and that all components of stress vanish of 
infinity. The cracks are supposed to be opened symmetrical 
of about the x-axis by a given normal distribution of 
displacement along the line segments L = L +L + +L in 
1 2 n 
the first type of problems. In the second type of problems 
the cracks are opened symmetrically by a given distribution 
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of normal stress along the line segment L. 
Thus the boundary conditions are 
Problem 1: U = f(x) on < 
r =o, everywhere on ox 
xy 
U =o, on ox outside L 
y 
.(3.2.20) 
Problem 2: 
U =-p(x) on < 
T =o, everywhere on ox 
xy 
U =o, on ox outside L 
y 
(3.2.21) 
where f(x) and p(x) are piecewise continous function on L. 
Employing the above boundary conditions in the governing 
equations we can solve the problems of determining stresses 
in the neighbourhood of prescribed shape or cracks opened by 
given pressure. 
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C H A P T E R -IV 
PUNCH PROBLEMS AND MODERN TECHNIQUES 
4.1 F'UNCH PROBLEMS 
In preceding chapter we have discussed the distribution 
of stresses and strains around some linear crack in an 
infinite plane elastic medium. In the present chapter we 
propose to discuss some identation problems or "Punch 
Problems'". It is supposed that a perfectly rigid solid of 
revolution of prescribed shape, whose axis of revolution 
coincides with z-axis is pressed normally against the plane 
z = o,of a semi-infinite elastic medium z > o.The deformed 
surface of elastic medium will fit the rigid body over the 
part between the lowest point and circular section of radius 
a .It has been assumed that the shearing stress is zero at 
all points of the boundary z=o, the z-component of surface 
displacement is prescribed over the region r < a, z = o, and 
the normal stress is zero on the remaining part of the 
boundary-Hence ,for z = o 
u = f(r), -a<r<a 
a = o, r > a 
r =t = o, o < r <aj 
zx zy 
. ..(4.1.1) 
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Also all components of stress and displacement tend to 
2 2 ^/' 
zero as (r +z ) —>ce' .However, if we consider 
a semi-inifnite plane medium occupying the region y^o, and a 
portion ab of the boundary y=o is under the action of a 
punch,then the boundaryconditions are 
u = f(x), on ab 
y 
I = o, everywhere on ox 
xy 
cr = o, on ox outside ab 
y 
(4.1.2) 
Green and Zeena [17] discussed the solution of the problem 
by the complex varibale method already discussed.Green and 
England [18] gave an alternative method solving punch and 
crack problems.Though the problem of only one segment ab 
under the action of the punch has been discussed, it can be 
generalized for n segments in a similar manar. The results 
of indentation of half plane by a rectangular block and by a 
circular block have been obtained. 
Recently the indentation of an elastic half plane by an 
infinite row of parabolic blocks has been discussed 
[2].These blocks are assumed to be identical, equally 
spaced and acting on the boundary y=o of the half plane. 
The length of the region of contact of each block with the 
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half-plane is taken to be"2a"and the distance between the 
centers of two consecutive blocks to be d. Following the 
method of Green and Zeerna [17] the components of stress and 
strain are given as : 
a -it r 2 ['//(z)-//(z) + (z-z)0"(z) ] y xy 
x^. +^ v^x. " 2 [.^ /(z)-K^ /(z) + (z-z).^ /'(z) ] y '^y 
(4.1.3) 
fj(u+iv) = cf f;{'(z)+t/>(z) + (z-z)^''(z) (4.1.4) 
where a is given by the equation (2.2.11) 
The boundary conditions are taknen as 
•J 
v ( x , o ) = oto-pox , | x - n d j:S a 
a <{x-nd|:f^ d - a 
f o r a l 1 X 
cr ( x , o ) = o . 
^xy^^'°^^ o. 
. . ( 4 . 1 . 5 ) 
where a >o, fJ >o and n = o , ± 1 , ± 2 , ± 3 
o o 
The complex stress 0 (z)has ultimately been found out 
and the expression for the normal stress cr obtained.For a 
y 
given thrust p.the length of the region of contact "2a" for 
each punch , the relation is 
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a 
p = - f a (x,o)dx ...(4.1.6) 
- a ^ 
The variation of the normal stress under a typical 
punch for different values of 2a/d has been shown 
graphically. 
4.2 FINITE ELEMENT MEFHOD C FEM ) 
All the methods to determine stress distribution in a 
certain ealstic medium are more or less classical and they 
are not convenient for problems in which stresses vary 
drastically.As an example we can mention the state of 
distribution of stresses on various parts of an aeroplnae 
during various stages of its flight.Some parts experience 
tremendous pressure and some parts relatively less. The 
classical methods which generally give a closed type 
solution are unlikely to be of much help in such problems. 
Although the concept of finite element method was 
systematically developed by workers like Clough [12],White 
[53].Friedriehs [15] etc..this was being used by applied 
mathematicians and physicits in some form or the other. 
Later on the development of finite element method got 
momentum and it was found to be a very powerful tool for 
various types of problems like those in elasticity, fluid 
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mechanics, tribo1ogy(lubrication problems) heat transfer and 
other field problems. These problems are generally divided 
into three categories : 
(i)These are equilibruim problems or time independent 
problems.Most problems of the FEM belong to this 
category. In the solid mechanics area for the solution 
of problems , all we need is to find the displacement 
or stress distribution(or perhaps the temperature 
distribution ) for a given mechanical or thermal 
loading.These are analogous. 
(ii) There are eigenvalue problem or steady state 
propblems whose solution often require the 
determination of natural frequency and modes of 
variation of solids and fluid. 
(iii) These are propagation problems or time dependent 
problems of continuum mechanics. This category consists of 
problems that result when the time dimension is added to 
the problems of the first two categories. As already 
mentioned the solution of FEM comprise the following steps: 
(a) Discretize the continuum. 
(b) Select interpolation function for a typical 
element . 
(c) Find the element properties. 
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(d) Assemble the element properties to obtain the 
system of equations. 
(e) Solve the system of equations. 
(f) Make additonal computations if desired(post 
processing . 
4.3 FEM TO ELASTICITY PROBLEMS 
In most applications of the FEM to solid mechanics 
problems, variational principle is used to derive the 
necessary element properties equations. The three most 
commonly used variational principles are the principle of 
minimum potential energy, the principle of complementary 
energy and the Reissner principle. 
I.Minimum potential energy principle(Principle of virtual 
displacement) 
We consider an elastic body which is deformed by the 
action of certain body forces and the surface tractions. The 
potential energy is defined as the strain energy minus the 
work done by the external forces. As given by Love [28] the 
theorem of minimum potential energy is as follows : 
The displacement (u,v,w) which satisfies the 
differential equations of equilibrium as well as the 
conditions at the bounding surface,yeiIds a smallar value 
for the potential energy than any other displacement which 
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satisfies the same conditions at the bounding surface. 
Therefore, if U (u.v.w) is the potential energy U (u.v.w) is 
the strain energy and U (u,v,w) is the work done by the 
applied loads during displacement changes, then, according 
to the principle we have at equilibrium : 
f3U^(u,v,w)=«3CU2(u,v,w)-U2(u,v,w)] = i3U2(u.v,w)-(3U^(u,v,w) =o 
...(4.3.1) 
where the variation is taken with respect to the 
displacement while all other parameters are kept fixed. The 
strain energy of a linear elastic body is defined to be 
U^iu,w,vi) =1 J J j LeJ[CT]dv ...(4.3.2) 
V 
with the Hooke's law 
U2(u,v,w) "^ J J j J [ € j [ C ] [ € ] d v . . . ( 4 . 3 . 3 ) 
V 
where v is volume and 
[G] = [e e e >^  v y ]^ ...(4.3.4) 
X y z ^  xy xz ' yz 
Follwoing Huebner and Thornton [20] we ultimately get the 
general potential energy functional as : 
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U^(u,v,w)=^JJjT[Gj[B]^[6]-2[.5j[B]"^[C][€o*]ldw-
~n!L^"*] t^^^"^'la 1^*1 t^ "^^ ® ...(4.3.5) 
s 
V 
The displacement components u,v,w which minimises U and 
satisfies all the boundary conditions are the equilibrium 
displacement components.When using this principle in FEM, we 
assume the displacement components in each element and then 
use the functional U to derive element equations. This 
approch is callled the displcement method or stiffness 
method. The compatibility conditions are identically 
satisfied. 
II. Mlnimnii c.o)npleji>entai y ^nertjy principle, (principle of 
virtual stress) 
We have seen that the minimum potential energy 
principle corresponds to the equilibrium conditions. But the 
complementary energy principle corresponds to the 
compatibility conditions in an elastic body. The principle 
can be stated as follws : 
"In an elastic body the state of stress which satisfies 
the stress- strain relations in the interior and all the 
given displacement boundary consditions also minimises 
system's complementary energy ". 
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If E (a ,a , 1, ) is the complementary energy, 
c X y zx 
E (CT ,a , "c ) the complementary stress energy and W the 
s X y zx 
work done by the applied loads then according to this 
principle : 
dE = dE - uW = o ...(4.3.6) 
c s 
where the variation is taken with respect to the stress 
components rather then displacement components.The 
complementary stress energy is defined as 
U (a ,o ,—z )=l r|T[oJCD]{o}dv ...(4.3.7) 
V 
where V is the volume of the body,and with initial strains 
|Ltr j [D]{ f f }+2[aJ{*=^} |dv . . . ( 4 . 3 . 8 ) 
V 
The complementary work of the external load is given by 
W = S^\^ \}\\.^"i c!s ...(4.3.9) 
s 
where T is the surface tractions and {fi} is the prescribed 
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' % > 
U : 
c 4i: 
displacement m a t r i x . Thus the complementary energy 
f u n c t i o n a l becomes 
4 . 0 1 [HtD]{a}+2LaJ{e^}] dv U (o ,a , — r )=^f|| I jff|[D]{ff}+2|CT|{e_}| dv ...(4.3.10) 
When this principle is used in FEM, we assume the form of 
the stress field in each element. This approach is called 
the force method or the flexibility method and the element 
equations are identically satisfied. 
Ill.Reissner's principle 
In this principle variations of both displacement and 
stress are considered. This prinicple can be called to be a 
combination of both the previous principles.The prinicple 
states that 
fiE(u,v,w,a ,a r ) = o 
X y zx 
where E i s the f u n c t i o n a l f o r a l i n e a r e l a s t i c ma te r i a l and 
i s g iven by 
^"J J j [ W ^^5-| W tD^ {< }^- L<3J {Fljdv 
-JJ[i3j {T}ds-JJ[6-6j {T}ds ...(4.3.11) 
^2 
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The variation of arguments does not give extremal 
values but only a stationary value. When Reissner's 
principle is used in FEM, then forms of both displacement 
and stress fields are assumed in each element.The above 
mentioned principles are must commonly used. However, there 
are ohter variational principles like Hamilton's minimum 
principle etc. 
4 .4 SOME REC:EHT WJRK 
In the preceding chapter we have discussed some punch 
and crack problems. The problems of stiffening and inclusion 
are also of much interest in solid mechanics. Recently in 
1993, Ishikawa and Kohno [22] have analyzed the stress 
intensity factor of an interface crack of a rectangular 
rigid inclusion. The problem has been considered as plane 
ealstic and the inclusion has been assumed to be completely 
bonded to the interior of an elastic infinite medium, except 
of a portion which is regarded as an interface crack. 
Muskhelisvi1i's stress function is determined from terms of 
finite series of the function for conformal mapping, by 
which the inclusion is mapped onto the unit circle. The 
stress intensity factors for the interface crack are than 
determined under the equal biaxial loading condition. 
Many authors like Matos et.al. [32],Sun and Jih [50] 
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etc.have analyzed stress intensity factor and energy release 
rates of the interface cracks between the circular or 
elliptical inclusion and the matrix for the models of the 
interface crack of short fibre which reinforced composites. 
For more exact models of the short fibres which reinforce 
the matrix, the interface crack between the hypotrochoid 
inclusion and the matrix was analyzed by Malyshev and 
Salganik [31]. However, there is great difference between 
the hypotrochoid shape and that of the acutual short fibre, 
because the angle of the corner of the hypotrochoid shape is 
zero where as the corner of the actual short fibers has a 
finite angle. Due to this consideration Ishikawa and Kohno 
have adopted a rectangular rigid inclusion and two 
dimensional elastic analysis of an interface cracck between 
a rectangular rigid inclusion and the matrix is performed 
using the method of Muskhelishvili [38].They have analyzed 
two types of interface cracks : 
(a)The crack which is located on the side of the short 
fibre end i.e. on the short side of a rectanglular 
rigid inclusion. 
(b)The crack which is extended to the logitudinal sides 
of the short fibre i.e. extended from the short side to 
the long side of a rectangular rigid inclusion. 
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Using the method developed by Muskhelishvi1i [38], the 
rectangular inclusion is supposed to be embedded in the 
infinite plate i.e. xy-plane.By Schwatz-Christoffel 
transformation 
z = w (() 
6z 
dC ^ n (( -c) 
ap 
IT (4.4.2) 
The outer region of the rectangle in the xy-plane is mapped 
onto outer region of the unit circle Z in the (-plane. Here 
a is half length of a diagonal of the rectangular inclusion 
and R is a real constant.The points f (p=1,2,3,4) on the 
P 
(^ -plane that correspond to the four corner points of a 
rectangle on the xy-plane are given as 
« i .o ^  „ iliT ^ in 
^ i(7T + ln) i In 
,4.4.2) 
The shape of rectangle is determined by the value of 1. In 
the polar coordinates {r,6) in thef-plane, the stress and 
the derivative form of the displacement are shown by the 
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complex stress function 4'^) a"d V^(0 ^s 
a^ +Og = 2[^(()+^) ] 
(T +it: ^  = ^ (C)+0(T) ^ [w(C)^MO+w'(C)V/(C)] •••(4.4.3) 
^^  (w'(C) L J 
o(^(C )-<?i(t )l+-iC [w(C )9i' « ) + w ' (C )^(C)] 
...(4.4.4) 
where G is the modulus of rigidity and a , the equivalent 
poission ratio defined by the equation (2.2.11).The boundary 
conditions of the interface between inclusion and the matrix 
has been assumed as 
c r + t ^ = o, onL ...(4.4.5) 
r rO 
u + IV = o, on L' ...(4.4.6) 
The equation (4.4.5) represents the interface crack and 
(4.4.6)indicates that the inclusion is perfectly bonded 
with the matrix. The solution of the problem has been 
obtained in the form 
F(C) = PCs) xiO ...(4.4.7) 
where 
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F(0=w' (()V(C) 
1 
Z(C) = <(-f)-''""'" (C-e) ' " 
rj = log o(/2n 
Further, they have obtained the stress intensity factor of 
an inter crack on the short side of a rectangular rigid 
inclusion and then of an inter crack extended to the long 
side of a rectangular rigid inclusion, 
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C H A F' T E R - V 
SOME NfEW RESULTS AMD AM ORIGIKAL RESEARCH WORK 
5.1 A BI0~EHGIHEEF!IHG PROBLEM 
The human skin membrane is fairly elastic and impact 
of a projectile of certain shape, striking certain speed has 
been studied under the frame work • if theory of 
elasticity.Some results are verified by experiments also. 
Recently Jauhari and Bandyopadhyay [23] have etablished the 
theory for the elastic break down of human skin membrane 
under the impact of a spherical projectile wthin the frame 
work of the theory of elasticity.They assumed the skin to be 
homogeneous and isotropic.Further, it was assumed that the 
elastic membrane has properties similar to those possessed 
by a ductile material. The break down of the skin membrane 
was studied on the bases of maximum shear theory and 
expression for the threshold velocity required for the 
elastic break down of the skin membrane was obtained. The 
elastic break down of the skin membrane is in fact the first 
stage in the process leading to its ultimate rupture. When 
the yielding is started, the inelastic strain increases, 
eventually the skin reptures. 
When an elastic body is stressed by tensile force,the 
longitudinal strain is proportional to the tensile force. 
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But this proportionalty holds only upto a certain limiting 
value of the tensile stress called the "proportional limit" 
which depends upon the properties of the material of the 
elastic body. As the limit is exceeded, the rupture-ship 
between the tensile force and the strain becomes complicated 
.To study the behaviour of a material beyond the limit of 
proportionalty, the mechanical properties of the material 
should be known beyond this proportional limit. These 
properties are usually define by tension and 
compression(elongation) test diagrams. Tension test diagrams 
for human skin for various age groups are available [42], 
These diagrams are helpful in analyzing the problem of 
rupture of human skin membrane under the impact of a 
projectile. 
S.2 RUPTURE BY A SPHERICAL PROJECTILE 
Recently Jauhari and Mahanta [24] discussed the rupture 
of human skin membrane under the impact of spherical 
projectile. Employing the theory etablished by [23], they 
have found the threshold velocity in various cases.Due to 
the impact of projectile. The skin membrane is stressed and 
kinetic energy of the projectile gets stored in skin as the 
energy, it may cause the skin membrane to stretch to such an 
extent that it is ruptured. It has been assumed that 
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i) the projectile is not deformed on impact 
ii) its kinetic energy is consumed only in stretching 
the skin. 
It is clear that under the assumption, the velocity of 
the projectile will gradually diminish as the skin stretches 
and at the point of rupture it is supposed to be zero.The 
entire kinetic energy of the projectile being store as the 
potential energy of deformation of the skin. They calculated 
the threshold velocity for various age groups and for 
various size of the spherical projectile which is of steel 
or lead.In the derivation of the expression for the 
threshold velocity, it was assumed that the skin while 
resisting the impact of a moving a projectile,behaved in the 
same manner as while resisting a static load (punch).This 
assumption may appear questionable because in this case,the 
load is applied very suddenly. It is however, 
experimentally observed that the threshold velocity 
penetration of human skin is of the order of 125-170 ft/sec. 
[10]. 
5. :5 RUPTURE OF A BULLET 
In this section an attempt is made to study the rupture 
of human skin membrane under the impact of a bullet.The tip 
of the bullet is assumed to be of the shape of a paraboloid 
66 
obtained by revolving the parabola. 
y^  = 4Ax ...(5.3.1) 
about X-axis. [See Fig.3].The paraboloidal part is of height 
'a' where the radius of cross section is b. This 
gives(putting y=b, x=a in (5.3.1). 
4 A = - ...(5.3.2) 
a 
This (5.3.1) becomes 
^2 
y = - X .. .(5.3.3) 
The cylindrical part of this bullet is assumed to be of 
length 1. Employing the theory established by Jauhari and 
Bandhopadhyay [23] and later Jauhari and Mahanta, it is 
stipulated that the skin membrane will just rupture when 
kinetic energy of the bullet projectile per unit volume of 
the strained skin membrane equals the strain energy per unit 
volume obtained in a simple tension test of the skin 
membrane .According to Selly [43], the strain energy per 
unit volume is represented by the area under the 
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ON = a 
AN = b 
AB = 1 
OL = X 
Fig.3 Impact of a bullet on skin membrane 
strain-stress curve of the skin membrane upto the rupture 
point. The condition of the rupture is represented by the 
following equation 
i——HI = A ...(5.3.4) 
A 
where m = mass of the bullet 
V . = threshold velocity just to rupture the skin 
th 
membrane 
A = Volume of the skin strained due to impact 
o 
and A = Area under the stress-strain curve in a simple 
tension test. 
Equation (5.3.4) gives the threshold velocity for the 
penetration of the skin membrane as follows 
\ h 
2A A 
— — ...(5.3.5) 
m 
Expression for o 
Taking the tip of the bullet as the origin and its axis 
as X-axis, and supposing the frame of reference to be moving 
with the bullet, we consider the punch of the bullet upto a 
distance x in the membrane.[See.Fig.3]. 
A length '2y'of the unstrained skin will be stressed to 
a length L given as under 
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L = rx Vx+a + A log ...(5.3.6) 
The percentage elongation of the strained skin is given 
by 
L-L 
o 
X 100 
L 
o 
where L =2y = 2 7 ^ 
o 
..(5.3.7) 
Equation (5.3.7) gives the percentage elongation so long as 
the bullet has pressed the skin upto a distance only less 
than or equal to 'a' .For further depression the percentage 
elongation e will be independent of y which takes the 
constant value b.When x i a, b=a. 
We have 
€=50 [(yi+4z) + —^— log(/T+4zT +z-/z^ ] ...(5.3.8) 
2yz~ 
when x= a, the expression (5.3.7) becomes 
2 . 2 100 , 1 I 2^^2 ^ i? , J4a~+b~+2a-b 
- ^4a +b + -— l o g — e= - ^ [ 2 J — !^ ] ...(5.3.9) 
In particular, if b=a, we get from (5.3.9) 
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e = 47.89% = 48X 
In contrest to the case of a bullet in the case of 
spherical projectile the corresponding value of the 
percentage elongation is e = 57X.The expression for A will 
s o 
be obtained by multiplying the area of presentation of the 
bullet with the thickness of the skin .Hence we have 
2 b^ 
A = ny t =rT - X t ...(5.3.10) 
o o a o 
where t is the thickness of the skin.thereforce maximum 
o 
2 
area will be obtained when x=a and is given by (A ) =nb t 
o max o 
Expression for m 
The mass of the bullet consists of two parts i.e. the 
paraboloidal part and the cylindrical part.Hence we get 
1 2 
m = - nb (a+21)p ...(5.3.11) 
where p is the density of the bullet.We have considered the 
bullet to be of steel, so p = 11 gms/c.c. In particular,if 
b=a then 
m = - na (a+21 )p 
Expression for A 
As mentioned earlier, A represents the area under the 
stress strain curve of skin in a simple tension test. In so 
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far as human skin membrane is concerned, stress-strain 
curves for age groups are available in [43 ].The area under 
this curve are calculated and given in the following table. 
TABLE-1 
'A" AND PERCENT ELONGATION AT RAPTURE FOR DIFFERENT AGE 
GROUPS. 
Age group A ft.(Pound)/cube inc.Elongation Rupture % 
From 2 month 
prematurely born 
infants to 3 years 
old children. 
15-30 years 
30 - 50 years 
50 - 80 years 
632.15 
822.55 
837.79 
891.10 
47 
35 
33 
31 
Expression for V 
th 
Using equation (5.3.5) the expression of the threshold 
velocity is given by 
V = 2 th 
X t A 
o 
a(a +21 )p ..(5.3.12) 
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where to = thickness of the human skin. 
Equation (5.3.12) can be used to find the threshold 
velocity when the other parameter are known. We further 
assumed that l=2a, hence equation (5.3.12) reduces to 
. 1 X t A 
V^u = 2. - - — - ...(5.3.13) 
th ^ 5 a a p 
The values of the threshold velocity for various values of 
x/a,to/a and 'A' are calculated for various age groups where 
p = 7.8 gms/c.c.(density of steel).As an illustration the 
threshold velocity for the age group 30-50 years for 
different values of to/a and x/a are given in the following 
tab1e : 
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TABLE-II 
Vth (THRESHOLD VELOCITY = in Ft./sec.)FOR THE STEEL BULLET 
Age group 30-50 years 
x/a 
0.2 0.4 0.6 0.8 1.0 
t /a 
o 
0 . 1 5 .8 8 .21 10.05 11.61 12.98 
0 .5 12 .98 18.36 22 .48 25 .96 29 .02 
1 18 .36 25 .96 31 .79 36 .71 41 .04 
2 25 .96 36 .71 44 .96 51 .92 58 .04 
3 31 .79 4 4 . 9 6 55 .07 63 .58 71 .09 
4 36 .71 51 .92 63 .58 73 .42 82 .09 
5 4 1 . 0 4 58 .04 71 .09 82 .09 91 .78 
For the value of z=0.1(0.1)1, the percentage elongation is 
given in the following table. 
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GRAPH 
Threshold Velocity(in Ft./sec.)for the steel bullet. 
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TABLE-III 
The percentage elongation for different values of x/a. 
z=x/a Percentage Elongation t 
0.1 6.31 
0.2 12.07 
0.3 17.40 
0.4 22.40 
0.5 27.13 
0.6 31.63 
0.7 35.93 
0.8 40.06 
0,9 44.05 
1.0 47.98 
Discussion of results 
Under given conditions of the parameters, it is found 
the threshold velocity for the paraboloid bullet is always 
less than the corresponding the threshold velocity for a 
spherical projectile.lt has been assumed that all the 
kinetic energy of the projectile is practics consumed in 
causing diformation of the skin membrane.In However, a part 
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GRAPH 
The percentage elongation for different values of x/a, 
0,1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 
Series A 
of this energy is used up in deforming the head of bullet 
or setting up stresses in its body and a part is consumed in 
displacing the sub cutaneous material.Therefore the threshold 
velocity as calculated in this paper is expected to be on 
the lower side of the velocity observed experimentally. 
The variation of elongation percentage (s) with the 
ratio x/a has been shown in a graph.The graph shows that e 
varies linearly as x/a. 
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